The gradual insertion method for direct calculation of the chemical potential by molecular simulation is applied in the NpT ensemble to different quadrupolar two-centre LennardJones fluids at high density state points. The results agree well with Widom's test particle insertion but show at very high densities significantly smaller statistical uncertainties.
Introduction
All molecular simulation techniques for the calculation of the chemical potential which are accompanied with trial insertion (or deletion) of real or ghost particles become inaccurate and finally fail in the case of high densities, especially when applied to molecular fluids with strong interactions. This is the case for the conventional test particle insertion method by Widom [1] as well as for the Gibbs ensemble (GE) [2] and grand canonical Monte-Carlo ensemble (GC) [3] , which demand insertion and deletion attempts of real particles.
Therefore, different Monte-Carlo techniques have been proposed to improve the efficiency of the calculation of the chemical potential. Recent developments are, e. g., the expanded ensemble methods [4, 5] , the particle deletion scheme [6] , the augmented grand canonical ensemble [7] , or the scaled particle Monte-Carlo method [8] . An overview is given by Kofke and Cummings [9] .
In the present work, an expanded ensemble method is used. A first version was published by Vorontsov-Velyaminov et al. [4] . That method was applied for gradual insertion by Nezbeda and Kolafa [5] , who additionally introduced preferential sampling. Related work with expanded ensemble methods is described e.g. in [10, 11, 12] .
We use the gradual insertion method as proposed by Nezbeda and Kolafa [5] which is based on the following idea: instead of inserting or deleting a real particle, a fluctuating particle is introduced, that undergoes changes in a set of different discrete 'sizes' or states of coupling with all other particles. Additionally, the preferential sampling of the fluid in the vicinity of the fluctuating particle is introduced for a further increase of accuracy.
This method was applied to different ensembles (NVT [5] , GC [5] , GE [13] , and NpT [14, 15] ) using different interaction potentials such as the hard sphere fluid [5] , the squarewell fluid [13] , the spherical Lennard-Jones fluid [14, 16] , and to ternary mixtures of hard spheres and hard heteronuclear diatomics [17] .
In this work we apply the gradual insertion method for the first time to a polar intermolecular potential, the two-centre Lennard-Jones plus point quadrupole fluid. That potential allows to describe the thermodynamic properties of many real fluids, like carbon dioxide, ethyne, propyne, or carbon disulfide with good accuracy, as has been shown in a comprehensive study [18, 19] . The present study is performed in the NpT ensemble at high densities. The results are critically compared to test particle insertion. Details on the gradual insertion method, which is used here together with preferential sampling, are given.
Method
In the following we briefly summarize the gradual insertion method in a NVT ensemble, for more details see [5] . The key element of the method is to introduce a 'fluctuating particle' which can appear at different states of coupling with all other particles. This set of states starts from a pointwise, completely interactionless or decoupled state, up to the fully coupled state, in which the fluctuating particle has the same properties as the other particles. Each of the partially coupled states is related to a NVT sub-ensemble with no physical meaning. These sub-ensembles can be depicted in a scheme as follows:
where [N +ψ j ] denotes a sub-ensemble with N regular particles and one fluctuating particle in the state j, with j = 0, . . . , k. The interaction energy of the fluctuating particle with the remaining particles is denoted by ψ j , in the fully coupled state by ψ k , and in the fully Additionally to the standard Monte-Carlo moves in a NVT ensemble, trial translation and trial rotation, the trial change of fluctuating particle state is necessary. The probability of accepting a change of the fluctuating particle from state i to state j is given by
where Π(j→i) and Π(i→j) denote a priori transition probabilities of the respective changes and β is the Boltzmann factor.
The chemical potential in the NVT ensemble is obtained from [5] 
where Improvement of efficiency often can be obtained by using the preferential sampling method, see e. g. Allen and Tildesley [3] . The idea is to sample particles preferentially in the vicinity of the fluctuating particle. Therefore, a function f (r) is introduced, denoting the probability of an attempt to move a host particle in a distance r from the fluctuating particle.
The following steps are necessary to keep the microreversibility condition [5] :
(i) random choice of a host particle,
(ii) acceptance of this choice with the probability f (r old ), (iii) random choice of a new position and orientation of the host particle, (iv) acceptance of this choice with the probability min(1, f (r new )/f (r old )), (v) the new configuration is accepted with the probability min(1, exp{−β(
where U denotes the configurational energy.
In order to extend the gradual insertion method to the NpT ensemble the volume fluctuation step has to be considered additionally. To set the pressure p, a volume change from V old to V new is accepted with the probability [3]
This step was applied at random position within the Markov chain, independent from the state of the fluctuating particle. Similar to the NVT ensemble, only configurations with a fully coupled fluctuating particle contribute to the Monte-Carlo sampling of physical properties.
As the volume fluctuates in the NpT ensemble, Eq. (3) has to be modified to claculate the chemical potential
Up to our knowledge, no formal derivation of Eq. (5) has been given in the literature so far. It is not within the scope of this work to close that gap. We will limit ourselves to show that the results from Eq. (5) are in agreement with Widom's method, cf. section 4.
Investigated model and technical details
In the present investigation we consider the two-centre Lennard-Jones plus pointquadrupole fluid (2CLJQ). It is composed of two identical Lennard-Jones sites a distance L apart plus an ideal pointquadrupole of moment Q placed in the geometric centre of the molecule [20] . The charges of the quadrupole are arranged along the molecular axis in the symmetric sequence +, −, −, + or, having the same energetic effect in pure fluids, −, +, +, −. A detailed description of this fluid is given in [21] .
The Lennard-Jones parameters σ and ǫ of the 2CLJQ pair potential were used for the reduction of the thermodynamic properties and the model parameters L and Q: temper-
For the simulation runs N = 512 particles were used, the cut-off radius was set to 4 σ, applying periodic boundary conditions and the minimum image convention. The long range corrections for the two-centre Lennard-Jones potential [22] were considered, in the case of quadrupolar interactions no long range corrections have to be made.The number of loops, defined below, was 50 000. The maximum values of translation distance, rotation angle, and volume change were adjusted to yield acceptance rates of roughly 0.5. Statistical uncertainties were calculated by conventional block averaging [23] .
The number of states of the fluctuating particle was chosen to k = 6. For the fluctuating particle in the state j we set σ j /σ = (1/2 + j/24), ǫ j /ǫ = j/k, L j /L = 1, and Q Finally, the weights w j had to be chosen. Starting from unity for all states, they were adjusted during an equilibration period in order to achieve a roughly equal distribution in the occurrence of all states.
One Monte-Carlo loop is defined here as N trial translations, 2/3 · N trial rotations, and 1 trial volume change, which are the regular NpT moves. The additional gradual insertion moves within a loop are: M C ·N attempts to change the state of the fluctuating particle, M F ·N attempts to translate the fluctuating particle, 2/3·M F ·N attempts to rotate the fluctuating particle, M P ·N attempts to find a host particle for preferential translation, and 2/3·M P ·N attempts to find a host particle for preferential rotation. Here, M C , M F , and M P are the parameters of the gradual insertion method.
Results and discussion
In Fig. 1 In Table 1 , a comparison is given between simulation data from the present work and results from Widom's method [1] taken from [21] . Table 2 . The reference point is M C =10, M F =10, and M P =50. These parameters were altered up and down by a factor of 2.5. The increase of the number of attempts to change the state of the fluctuating particle from M C =4 to M C =10 yields lower uncertainties, whereas upon further increase to M C =25 no benefit was observed.
The variation of the number of attempts to translate or rotate the fluctuating particle (M F ) seems to have no influence on the uncertainty in the investigated range of that parameter. The number of attempts to find a host particle for preferential translation or rotation (M P ) has the clearest influence on the uncertainty. Note that an increase above M P ≈100 is not recommended. For instance, at M P =125 we have a relation of 125 preferential translation moves to one ordinary translation move. This extreme ratio leads to the slight deviation shown in the last line of Table 2 .
Conclusion
This investigation shows that NpT simulations with gradual insertion combined with preferential sampling can yield results for the chemical potential of realistic strongly interacting molecular fluids at high densities with clearly improved statistics. It can be applied at state points where conventional test particle insertion breaks down. Table 1 Density, configurational energy, and chemical potential for different 2CLJQ fluids close to their bubble lines at T /T c ≈ 0.55 (upper blocks) and T /T c ≈ 0.8 (lower blocks). Method A: gradual insertion with the parameters M C = 10, M F = 10, and M P = 50; Method B: Widom's test particle method [21] . The numbers in paranthesis denote the uncertainty in the last digits. 
